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Motivation for History Matching
(Results from AD-GPRS)
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History Matching as an Inverse Problem

In a forward problem
= Physical properties are known
= Response or outcome is calculated

In an inverse problem

= Physical properties of system are unknown (should be
estimated)

= Some noisy observed data (outcome) are given
= Some prior knowledge about the model

Inverse problems typically have nonunique solutions

Nov 27,2012 Calculating Sensitivity Coefficients 5

History Matching in the Bayesian Framework

Prior PDF f(m) = aexp(—Om(m)),
1 T 4
Op(m) = 5 (m - mprior) Cy (m - mprior)

m: N,,-dimensional vector of model parameter, Ink;,Ink,, ¢

Cy: Covariance matrix for prior pdf of m
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History Matching in the Bayesian Framework

= Posterior PDF from Bayes theorem:
f(mldops) = af (M)L(dops|lm) = aexp(—0(m))

o(m) = %(m — mpn-or)TC,ql(m — mpn-or) & Model mismatch term (prior)
+ % (g(m) — dyps)TCH (g (M) — dyps) € Data mismatch term (likelihood)
d,ps : Ngz-dimensional vector of observed data: BHP, oil rate etc
g(m): Ng-dimensional vector of predicted data: BHP, oil rate etc

Cp :(diagonal) covariance matrix for measurement errors

* Minimizing O(m) gives the maximum a posteriori estimate (MAP)
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Gradient-based History Matching

= Gradient-based methods:
= Gauss-Newton (GN) & Levenberg-Marquardt (LM)
= Nonlinear Conjugate Gradient (PCG).
= Steepest Decent method.
= quasi-Newton Methods, e.g. LBFGS

= GN,LM: Hom = —-VO0
= Forming the Hessian is computationally very expensive
= Can use iterative Linear solvers, CG, MINRES
= Can use SVD parameterization
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Gauss-Newton Hessian & Gradient

ad,
G is the N; X N,,, sensitivity matrix G= {—'}

Gauss-Newton

Hom=-VO
Hessian: H =C,+G'C;G
Gradient: V=—ACy(m'-m_. )+G"w},

V= _{C K/|l(mI - mprior ) +GTC _Dl(g (ml ) _dobs)},

amj
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The Sensitivity matrix

J-th column of G contains the sensitivity of all predicted
data with respect to the j-th model parameter.

i-th row of G contains the sensitivity of i-th predicted
data with respect to all model parameters.

G X v: with the “gradient simulator method”
GT X u : with the “adjoint method”.

G can be computed with

» N, adjoint solutions

» N,,, applications of gradient simulator method.
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The Sensitivity matrix

u Adjoint GTu
= Ifu=][0,..,0,1,0,...0]7, then adjoint gives one row
of G.
= Ifu=Cpl(g(m) —d,ps) , then adjoint gives the
gradient!

Gradient
Gv

4 Simulator

= Ifu=]0,..,0,1,0,...0]7, then gradient simulator
method gives one column of G.
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2D Example (Single Injector)

-
s Observed | Predicted
4 Ell 8317 6875
: 8644 7163
1 7422
0 120 7696

2 4 X6 8 10 8019
True In(k)

= |nitial Pressure: P; = 4800 psi

* Observed Data: BHP N, =5

* Model Parameters: In(k)-porosity , N,,=200

O(m) = 15=1a_i2 (d;)red - dcl)bs)
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Gradient Computed by Adjoint at Uniform Estimate
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2D Example (Single Producer)

:3 BHP g(mprior)
s Observed | Predicted
4 [ 3236 3826
; 3565
1 3304
0 3037
2 4 YG 8 10 2765
True In(k)
= |nitial Pressure: P; = 4800 psi
* Observed Data: Oil rate N, =5
* Model Parameters: In(k)-porosity , N,,=200
5 1 . . 2
- O(m) = i=10_i2 (d;)red - dcl)bs)
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Gradient Computed by Adjoint at Uniform Estimate
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2D Example (20 x 25)
gg: Prod-5
20 u
e "N INE3x
TrueIn(k) > 14] nj1 7.05
12 [ 441
104 P"’?'l . T Prod3 | | | 177
8] > -0.86
61 Prod-2 I 850
44 ')
21
O+ T
0 2 4 6 8 10 12 14 16 18 20
X
= QObserved Data: BHP of Prod’s and Inj, N, =726
* Model Parameters: In(k) , N, =500

G :726 X500 (N4 X N,,,) sensitivity matrix

= Compute sensitivity of BHP of Inj-1 and Prod-3 at t= 1980
Days
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Sensitivity of One Specific Data By Adjoint
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. O(Pwf, t=1980, inj)
= Computing Vin k (Pws, t=1980, inj) = oInk

involves one adjoint solution. Same about the right figure.
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Sensitivity of All Data w.r.t. One Specific Parameter
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» Sensitivity of all data w.r.t In k of the injector gridblock,
with direct method, from upper left to lower right, data
represent pys of Inj-1, pyrOf prod-1, pyy¢ of prod-2, p s of
prod-3, pwrof prod-4, p,,s of prod-5, qQwater Of prod-2,
Qwater Of prod-4, qyater of prod-5
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Truncated SVD Parameterization

= Lanczos Algorithm: Iteratively approximates the largest
singular values of G without explicit knowledge of the
matrix.

= Requires Gv (gradient simulator method) and G'u
(adjoint solution) for vectors v and u, (Rodrigues (2006),
Tavakoli et al (2009,2010))

1 1

= Apply Lanczos algorithm to Gp = C;EGCIEW

Gp ~ UphpVy'
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Levenberg-Marquardt with Truncated SVD

» Modified Levenberg-Marquardt algorithm (to generate MAP
estimate):

[(n+2)Cy +G [C ;G 1om = —{C \y(m' =my )+ G C 5 (g (') ~dyy,),
= LM for the dimensionless model:
[+ 7)1, +GEGp18 "= ~['+GIC,"*(g(M') ~ ).
* Dimensionless domain:

1 1
= _ r 2(ml =1+l — 2500 04+1
m = C,, (m — mpn-or), om™" = (,~6m
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Levenberg-Marquardt with Truncated SVD

= Hessian:
T ~ 2yT
GEGp ~ A3V,
= Eigenvectors of Hessian = Right singular vectors of Gp

= Eigenvalues of Hessian = squares of the singular values
of Gy

= Parameterize the change in the model, ém, in terms of the
eigenvectors of Hessian associated with the largest

eigenvalues (aj can be easily computed):
P

om = Z QA U

1
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2D Example (28 X 30)

Model Parameters: In(k)

History matching 1800 days of rate data

Producers Total Liquid Rate: 300 - 200 STB/Day

Observed Data: BHP’s, qw(1), gw(3),qw(7), N4 =720
Model Parameters: In(k)-porosity , N,,=1680
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An Updated Realization from Levenberg-Marqurdt with
Truncated SVD SVD-RML
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Performance predictions with 16 realizations of the posterior
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= Red: Truth; blue: mean of Predictions.
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Eigenvectors of the Hessian (left multiplied by Cl/z)
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1%t Left Singular Vector at the First Iteration for the
MAP Estimate
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2" Left Singular Vector at the First Iteration for
the MAP Estimate
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Thank you!
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